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MATHEMATICS
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(Complex Analysis)

Full Marks : 60
Time : Three hours

The figures in the margin indicate
full marks for the questions.

Answer any. seven questions from the
following : i 1x7=7
(a). Describe the domain of definition of the

function f(z)=—2—.
Z+Z

(b)) What is the multiplicative inverse of a
non-zero complex number z=(x, y) ?
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(i) The value of log (-1) 1is

@ : )
(9| Verity that (3, 1) (5,17 (L =)
b 9 St 10/= \% 5 i
(d) D 3 ‘ ihlte
et i
€rmine the acCumulation points of s
_ ints o
the set” 7. _ 1 (iii) i
n = E (Tl =1, A& )
'3 ik _ (iv) —ni  (Choose the correct answer)
£ _ (e‘)i ;,f‘WTrite the CauchY‘Riemann 3 . ‘ () liszi= x+iy, then sin z is
3 ! fgr a function f(z)- : quations ; ; ) ¢
'3 : =U+1iv, (i) sinxcos hy +icos x sinhy
g Whe 0 ) cosxcoshy—isinxsinh
S n a‘ function fis said to be : 4 (1) Y y
at a point ? : analytic . W
' : (iii) cosxsin hy + 1Sin X oS hy
(9) Determine the singul : : (iv) sinxsinhy- icos xcos hy
4r points of the (Choose the correct answer)
function f(z): Dz 4 e :
Z(ZQ +1) : (k) 1f cosz= Onsthen
) =, (n=0,i1,i2,...)
(h) exp(2+3 i
| i) is and R e
Bl &) il 2 e R ;E2,0)
(i) e2 .
(... = (i) z=2nm (=051 £20)
uy) 2e
: _ : AR i
(i) -2e  (Choose 46 (o= +2n7,(n=0,£1,£2, i)
ect
' ST (Choose the correct answer)
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(l) If ZO IS a
pomt in the z ~
plane, then
lim f(z) lf

Z—> 0

(T N i

FRff (Z)

(i) tim f[i]z 5
Z

z2—>0

()  lim \:

PR f(z)

(D)t
'v) zlz_r:%)f(l)zo
VA

| (Choose the correct answer)

2. Answer any four

following : questions from the

2)(4:8

(@) Reduce the quantity D ST O
(l‘i)(Q—i)(S—i)

to a real number

(b) Define a Connected set

example al’ld glve one
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(c) Find all values of z such that

exp (2z—1)=1.
(d) Show that log (is ) # 3log1i.

(¢) Show that

2sin(z;, + z,) sin (z, - z,) = c0S22, — COS 2z,

n the z pla{ne

If zyp and wo are points 1
then

and w plane respectively,
prove that [lim f(z) « if and only if

z—>2(0

(g) State the Cauchy 'integrai formula. Find

1 :
— AR i (S W o) oint
interiof to simple closed contour C.

Z-2,

: NN
hat 2t Jt =2 4 —.
(h) Show tha e 5 +4

o 0N
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3. Answer a
ny th :
following : ree questions from the
5x3=15
(@ (i)

If a
o Zn;l Z.J'are complex constants,
| elinition of limit to show that

li
zirrzlo(az_+b):azo+b, 2

(i) Show that
2
lim | 2 .
z0\ Z does not exist.

(b) Suppose that lim f(z)=w, a d s
Tl Elatel o]

Z—)zo

lim F(z)= W,

Z—)Zo

Prove that pm [ f(z) F(z

Z—>2(

)= wow, .

(/NS hiowa thiat r o the functj |
& nction
z)= 7R

f(z) Z,»f(z) does not exi
anywhere, 20 s
3

(i) Show that lim 4z

Z-M(z—l)2:4' 2
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.

(d) (i) Show that the function

f(z)=expz is not analytic

anywhere. "o

(i) Find all roots of the equation

: logz=i£, 2
2

(e) If a function f is analytic at all
points interior to and on a simple

closed contour C, then prove that

jf(z)dz:O.

Evaluate : 2Yo+2 Y=

=1

e
(1) j z —(7i/2) e

(®

.o Z
(1) -‘. 2z+1 o
c
where C denotes the positively oriented

boundary of the square whose sides lie

along the lines x=+2 and y=%£2.
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(i) Leta function
(g) Prove t Bk : = ] be analyti
hat any polynomial | i&?ugﬁc()ﬁty?gl?v(exr; ygomain 1;, 1Icf

\ IR (z)\ is constant throughout D,

P(z)= ag +alz+a222;m+a Bl 0)
n n
then prove that f(z) must be

of degree n(n > 1)

has at least one zero.
(h) Find constant there too. 3
in
the Laurent series th ‘ ) Sh o e i :
: at represents (iit) ow that the function
f(z) = sinxcoshy +1 cos xsinhy
3

the functi il _ i , )
ionifllz)=z2 Sm(z%j o Mle
(@) (@) Suppose that f(20)=9(20)=0
and that f'(z) g'(2o) exist, where
g (z9)#0. Use definition of

derivative to show that

domain O<|Z,<qo_

4. Answ 7
er any three questions from the

following : : | ;
10%3=30. ‘ el o)l 3
2~z G(2) g'(zo)

(i) Show that f' (z) does not exist at

{8 & 1f a function fis continuous '
uous -

throughout a regi
closed and region R that is both
bounded, then prove any point if f(z)=2x+i xy? -

. .

real num : i '
ber u such that l f(z)l < u : (i) 1If a function fis analytic at a given
= point;: jtheny, prove that its

derivatives of all orders are€
analytic there too. 4

E)r all points zin R, where equality
olds for at least one such Z

4l g
_ 3(Sén-5/CBCS| MAT HC 1 (¥/0)/C 9 Contd.
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(¢) Let the function

flz)= -
th(ro)ugllmtcgﬁty)ﬂv(xf gl
SN som<.e é-neighbourhood of a
exist eve(I)”YW)Iclo i s B v
o thes'e' Eric in the neighbourh’ooci
partial derivatives aré

continuous

Cauchy—Rieri; (xo, e i

dik NN equations at (x,, y, ),

0 ove. Ehat 8 (2 )i exist fand
| 0‘)=ux+ivx where the right h

side is to be evaluated at (x )and
( Use_v it to show that for thz ,fiicit'

iz =leie e f"(z) exists eve h10n

and f"(2)= £(z). Seto

) ()

rove th
% at the .
P ; . CXIStenCC of he
det vative of a funCtiOI’l at t
a [)Olnt

implies th
; € conti .
function at that poirrll?lty i il

_ (Sem-5

(i Find f'(2) if

)= sz—+11 (Z 3 JQ] 2

dz : i
7i where C 1S

=

e (@ pProve that j. =
C

the right-hand altil - =Dck

T T ’
(—ESOS—Q—} of the circle \z\=2

from z=-21 tO z =21 )
@ 1 a function f 18 analytic
and on a simple

everywhere inside
closed cont

positive sense, then prove that

fie)===
Dl (s- z) _
denotes points On G randazals
interior to C. 5
Contd.
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(For Ol1d Syllabus )
( Riemann Integration and Metric Spaces)
Full Marks : 80
Time : Three hours

The figures in the margin indicate
Sfull marks for the questions,

1. Aflswer the following questions : 1x10=10

(a) Describe an open ball on the real line
- R for the usual metric d.

(b) -Find the limit point of the set

pek pilytigs L }
e e
(c) Define Cauchy sequence in

a metric
space (X, d).

(d) Let A and B be two subsets of
space (X, d). Then '
M (ANB)°=4%npo
() (AUB)° =40 R0
@ (ANB)=anp
() (AUB)=4'yBp
where AC denotes interior of A

A’ denotes derived set of A
(Choose the correct answer)

a metric

3 (Sem-5/CBCS) MAT HC 1 (N/0)/¢ 14

(e) In a complete metric space
e -

(i) every sequence is bounded

l .

(i) every bounded sequence 18

i

convergent 0
every convergent sequence
bounded LI
(iv) évery Cauchy sequence 1

l -

t
conVer?gﬁoose the correct answ?”)

(iti)

5 nce Of
decreasing seque
Let {Fn} be a

tric
: omplete me
bsets of a ¢

closed su

= oo.. Then
space and d(F,)—>0 as 1t

© int

<o least one poin
2 ( ]F contains at : I
(1) %

n=1

o0

; L oint
tains exactly one p
(ii1) ‘ |F TRCOR)

e

(iv) d (ﬂan] >0
@ (Choose the correct answer)

‘ Contd.
3 (Sem-5/CBOS) MAT HC 1 (¥/01/G 15




(@ Let (X,d) and (Y, p) be metric |

Spaces and A c X. Let [ X>Y |
: 1

be contin . ‘
uous on X. Then ; (b) - Eon, anyatwo
| : metric space

0 f(4)-r(@) | s
| | (RUR,) =RUE

subsets F; and Fo of a
(X, d), prove that .

(1) fCE%:}Y——
A)
(c) Let (X, dx) and (Y, dy) be metric
spaces and let f:X—>Y. Then e 7

(@) f(A) Cf(Z) |
' | is continuous on X, prove that

(iv) f(A)= (a0
( ) f(A ) i | 1(B)c:f ( )fora]lsubsetsBon

@ Wxis
h ( hoose the correct answer) |
(k) What is meant b v J (@) Find L(f, P)and U(f, P) for a constant

lnterVal [a b y partltIOn P of an ‘0‘2 . i

|# & BN function f:[a, ] R. .

(i) Prov i o . \‘v\‘ ; '
e that I—F:am : ‘é o ;; () Examine the existence of improper '
; \e\ / ey
0) Deﬁne the i \SNEl. /5 ol
uppel" and t "fad‘\\'{, ~l-”"'(§"/ int 1 —— dx
he loWer Darhors Legjve TRt integra i i

sum
s of a function L [a b]
» b|—> R with

respect to a partition p
5x4=20 "

3. Answer any four parts :

2. Answer the f :
ollowi : B
INg questiong SN ¢ ~ (a) Let d be a metric on the non- empty set
| X. Prove that the function d' defined by
d'(x, y)=min{l, d (x, v)}
where x,ye X 1s a metric on X. State
-3 (Sem-5/CBCS) MAT HC 1 (N/0)/G 16 whether d'is bounded or not. '

3 (Sem-5/CBCS) MAT HC1mjoG 17 Contd.

4+1=5 -



(b) In a metric space (X, d), prove that
every closed sphere is a closed set.

(c) Prove that if a Cauchy sequence of
points in a metric space (X, d) contains
a convergent subsequence, then the
sequence also converges to the same
limit as the subsequence.

(d) Let (X,d) be a metric Sspace and let
{Yl, Ae l}

sets in

be a family of connected
(X, d) having a non-empty
intersection. Then prove that y — U 7

Ael
1s connected.

() Consider the function f:o,1]->Rr

defined by f ()= {é Oglx <0
€rwise

Prove that fis not integrable on [0, 1].

e (a, b] >R be bounded and
monotone. Prove that fis integrable.

3 (Sem-5/CBCS) MAT HC | ’(N/O] es

4.

10x4=40

Answer any four parts :

Define a metric space.

(@) ()
Let

eR,1<i<n}
x = R™ ={x=(x, %2 NbaN e

be the set of. all real n-tuples.

For x = (x, X5 x,) and

(U R define
= 1> CRCE S

1/2
dlx y)= (Zl (x —yi)?] ;

i etric
Prove that (R”,d) is a m

2+4=6
space.

(it) Prove that in a metric space (X, d),

i p 'S
. . f

open.
Let Y be a subspace of a metric space
e

% (X, d) prove the following : 5+5=10

Y that is open in

t of :
0 e n X if and only if

y is also open 1
Y is open in X.

Contd.

19

3 (Sem-5/CBCS) MAT HC 1 (NjOl/G




(c)

() Every subset of Ythat is closed in

Yi_s also closed in X if anq only if
Yis closed in x

() Prove that the function
f:[o, 1] R defined by
fe)=x2 is Uniformly

continuogs. Further prove that
the function will not pe
uniformly cont; i

: Inuous
-dorwnaln is R, e

: 3+3=6
(@) Let (X, dy), (v, il el (

. Z; dZ) be
metric spaceg and let

N | VXY
&GPV = be continuouys.

‘Prove that the composition L =

IS a continugyg map of X intg

disconnected ?

Prove that a metric s

: pace i
disconnected if and only if the(r)i, jx)i éS
? non-empty proper Subset of x whiscrsl
is both open and closeq in (X, d)

2+8=10

3 (Sem-5/CBCS) MAT HC 1 (N/0)/G 20

() Show th

3 (Sem-5/CBCS) MAT HC 1 (V/0)/6

at the metric space (X, d)

where X denbtes. the space of all

sequences X = (21, Xp» X35 -5 x;)

of real numbers for which

e :
Gl

k=1

metric given by

0

d,(x, y)= (Z (o —yk)PT/p, :x, yeX

k=1

is a complete metric space. 7

(i) Let X be any non-empty set and
" et d be defined by

A Y=11 it x#y
show that (X,d) is a complete

) e 3
metric space.

21 Contd.



_(f) Prove that a bounded function
el b]— R is integrable if and only
if for each ¢ >0, there exists a
partition P of [a, b] such that
U(P, f)-L(P, f)<e.

(@) i 750, 1]——>_TR be continuous. Let

gl '
G E{T’;]’ neN. Then prove that

lim i f(C)=
n— o =

£ () dx .

Oty

n
e ; n T
Using it, prove that lim ==
= Z‘l KA8n2 T4

6+4=10

(R) () Prove that 4 Mmapping f:X 577
I8 continuous o x if and only if
FHF) is closed in X for all closed
subsets__E_,,,o_f Y.

NO0Kgn ™\ ek

3 (8em=5/CBCS) MAT HC 1 (Njqy/ 20 "%\
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(ii) Let fand g be continuous on [a, b].
Also assume that g does not
change sign on [a, b]. Then prove

that for some ce [a, b] :
we have
b

[ £() g ax = £0) [ g) .

a

e

' 0
23 270




