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GROUP—A

( Linear Algebra )
( Marks : 40 )

1. Answer the following as directed : 1x7=T7 .
{a) Show that in a vector space V(F)
aV =BV =o0=p
Cl.Vl =CLV2 '::'i/l =V2: a, ﬁEF: V) .V]_, VQ eV
(b) Determine the subspace of R3 spanned
by the vectors a=(L 2, 3), BEI8HLT0)
Check if the vector (2 L 3) is in this
subspace.
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(2)

(¢) Examine if the following set S is a
subspace of R® :

S={(xz Y, Z)E]RB'. x+2y——z=0, 2x—y+z=0}

(d) T:R3 —R3 is the linear transformation

defined by

T(o y 2=(x+y+3 2x+Yy+2z x+2y+ 2
(x % HeR®

Determine kerT and its dimension.

(e} For

W N O

1 0
A=|1 1
2 2

find out the characteristic equation.

() If k%0 is an eigenvalue of an invertible
operator 7, show that k™' is an
eigenvalue of Tk

(g) The eigenvalues of a real symmetric
matrix
(i) have unit modulus
(ii) are all purely imaginary
(iii) are all’xf_eéil
(iv) are either O or 1
~ (Choose the correct option)
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2. Answer the following questions : 2x4=8
(a) Prove that the set of vectors
{122,212, 22 1)
is linearly independent in R3.

(b) Let V and W be vector spaces over the
same field F and T:V — W be a linear
mapping such that kerT={0}. Show
that the image of a linearly independent
set of vectors in V is also linearly
independent in W.

{c) If Wis a subspace of a vector space V,
then show that L(W)=W and
conversely. (L(W) : linear span of W).

(d) Show that two eigenvectors of a square
matrix A over a field F corresponding to
two distinct eigenvalues of A are linearly
independent.

3. Answer any one part : S

() The matrix of a linear mapping
T:R3 - R? relative to the ordered basis

{011,L01,1LL0} of R and
{1, 0), 1,1} of R? is

1024
2 W10
Find T.
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(b) Find range, rank, ker and nullity of the
linear transformation defined by

T:R3 - R?
such that
Ty =(c+y 22-X), (x y AR’

4. Answer the following questions : 10%x2=20

(@) Prove that a finite set of non-zero
vectors {vy, Vg, **s Un} in a vector space
V(F) is linearly dependent if and only if
there exists vy, 2 < k < n, such that v is
a linear combination of vy, vy, *+*; Vk-1-

Or

If W is a subspace of a finite
dimensional vector space V, prove that

e N i W
W

(b)  Let V be the space of nxn matrices over
F. Let A be a fixed nxn matrix over F,
and T is a linear operator feft
multiplication by A’ on V. Prove that
b_oth A and T have the same
eigenvalues.
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5.

(S)

Or
Let a, b, ¢ be elements of a field F and
0 0 ¢
A=l1 0 b
ORI

Prove that the characteristic polynomial
of A is same as that of its minimal
polynomial.

GROUP—B
( Vector )
( Marks : 40 )

Answer the following : 1x3=3

(@) Find the volume of the parallelopiped
whose coterminous edges are
represented by

A ~ o~ = ~ ~ ~ ~ ~ ~
a=2i{-3j+4k, b=1+2j-k, ¢ =31 - j+2k

(b) Show that the vectors E’x(g x_c)),

—)
g X (3 X 3}, ¢ x (c—i x b) are coplanar.

X —>
{c) If 4@ and b are two non-collinear vectors

- - - .
such that a = ¢ +d, where ¢ is a vector
_—)

parallel to g, and d is a vector
-
perpendicular to b, obtain the

. = TS —
expressions for ¢ and d in terms of a

£
and b.
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£
6. If q, b, ¢ be three unit vectors such that

Hx{g x?] =%—5

: - e =2 -
find the angles which a makes with b and c,
-

b and ¢ being non-parallel. 2
7. Answer the following questions : 5x3=15
- 77 )
fa) Ifa, b, c are three non-coplanar vectors,
- -
then prove that bx¢, ¢xd, dxb are
—
also non-coplanar. Also express a,b, ¢
‘. =0 i TSN (o
in terms of b x¢, ¢ Xa, a xb.
Or
Prove that
|d xi2+|d % j[*+]a x k|? =2a*
where a =la |-
(b) Ifu = 5t%1 +t}'—t3f&\: and ¥ =sinti —cost],
evaluate
() 2@
dt
—
@ L@
dt
R Bl
i) L < V)
(it)) 7 A :
AT, it x2yi +xzj +2yzk, verify that
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8. Answer the following questions : 10x2=20
(a) Prove that curl [F x(d x7)] =37 x4,
where d is a constant vector and
7 =x +yj+zk
Or

Prove that the necessary and sufficient
condition for a vector g(t) to have a
constant direction is
2 e =
vx—=0
dt

(b) Evaluate
[ F.dr

along the curve x2 +y? =1, z=1 in the
positive direction from (0, 1, 1) to (L, O, 1),
— ~ ~ ~
where F =(2x+y2i +xzj +(xy +22 k.
Or

Evaluate
[ F-hds
S

a1t e DIy :
where F =x“1+y“j+z°k and Sis that
portion of the plane x+y+z=1 which
lies in the first octant.

* % k&
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